Chapter 1

Random Variables (recall)

1.1 Basic concepts

A random wvariable x is a function x :  — R, where ) denotes the space of
elementary events. We associate to the random variable the probability P{x < z},

which denotes the probability that x takes values less or equal to x.

The Cumulative Distribution Function (CDF) is defined as:
Fp(z) = P{x < x}

Properties of the CDF":

o F,:R—[0,1]
o xl_1>r_noo Fo(z)=0 xl_l)Iiloo Fe(z) =1

e F,(z) is a non-decreasing function, i.e., if x; < x5 then F(x;) < Fp(z2)
o Pla < x < b} = Fp(b) — Fr(a)

The Probability Density Function (PDF) (or Probability Mass Function when dis-

crete random variables) is defined as

which implies

-/ ;fm(y)dy

The PDF completely characterizes a random variable.

Properties of the PDF:

o fu(r)>0, VzreR

o [ nway-
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. P{a<m<b}:/ f(y) dy

Examples:
e Gaussian (Normal) random variable
fa() S €ER, 0>0
2 (T) = e 2 o2 . m,o , O
V2mo?
Notation & ~ N(m, %)
fa ()
|
I
|
|
m X
e Uniform random variable
, fa<z<b
Ja (:L’) = b—a
0, else

Notation x ~ U(a, b)

fae(z)}

b—a
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1.1.1 Multivariate Distributions

When dealing with more random variables @y, ..., x,, we can embed them in a vec-

tor x, that is

x:Q—->R", x=

L

The Joint Cumulative Distribution Function (Joint CDF') is defined as

T

)
Fw(aj‘):P{ml<l’1,$2<l’2,...,mn<xn}, T =

Tn

e Fp :R"—[0,1]

The Joint Probability Density Function (Joint PDF') is defined as

8n

e [ : R" =R
o fu(r) >0, VzeR"

The Joint PDF represents a complete probabilistic model of the n phenomena de-

scribed by xq, @», ..., x@,.

The Marginal PDF is defined as

fm(xl):/ / fm(x17y27---7yn)dy2---dyn

—_———

n—1 times

f:l:1,a32(x17x2) :/ / fw (5151@2,?/37---a?/n)d?/:%---dyn
—00 —00

n—2 times

Example:
Given two random variables @1, ®s, T = [Ty, To]”.

Notation: fz(2) = fa, 2, (T1,22) (the two notations are equivalent)

d b
Pla <z <band c<xy <d} = / / fo1,20 (Y1, Y2) dyrdys
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|
|
|
a b L1

>

xr

]P){ [ ! € A} = ]P){m € A} = // f:z:l,wg (?/1792) dyldyQ
o A
.’L’Q‘
A

>
T

Example (n-variate Gaussian distribution)

Let & € R" be a vector of random variables. Define:

f.’v (SL’) — 1 efé(mfm)TPfl(:vfm)

(2m)™ - det P

x ~ N(m, P) with m € R", P=P?T € R™" P > 0 (positive definite)

1.1.2 Mean and Variance

Let € R be a scalar random variable, and f,(x) the corresponding PDF.

The mean (or expected value) of x is
E[x] :/ Tfe(x) de = my

where E[-] denotes the expectation operator.

Given a function ¢g : R — R, the expected value of g(x) is

Ely()] = / " (@) fola) de

o

The variance of x is defined as

o0

Var[z] = E [(x — mw)Q} = / (. —mg)? folx) do = o2

—00
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The square root of the variance is called standard deviation
Var[z|

2

2) means that « is a random variable with mean m, and

Notation: @ ~ (mg, o

variance o2.

1.1.3 Confidence Intervals

Confidence intervals are intervals within which the random variable falls with a

certain probability:

alk) =P{mg — kop < ® < mgy + kog} k=1,2,3,...

My— 30 Mg Mg+3c T

For a Gaussian random variable:

k| a(k)
110.683
2 10.954
3 10.997

6 | 0.999999998

a(l)

S /

meg+30 Mg Mgegto meg+30

1.1.4 Covariance e Correlation
Let 1 and x5 be two random variables. The cross-covariance of x; and x5 is

Oizy = B [(®1 — Mg, ) (T2 — My, )]
/ / — Mg, ('TQ - mwQ) fwl,mQ (1’1, 1’2) dxldx2

The random variables @, and @, are independent if

fwlmz (l’l,ﬂfg) = fml <x1> ' fwz ('TQ)
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The random variables &; and x5 are uncorrelated if
FE [mlmQ] =F [131] ) [1'2] = Mgy " Mg,

which is equivalent to 04,4, = 0.
Exercise: Prove that if @, x5 are independent then they are uncorrelated.

Let & be a vector of random variables, @ € R™. The mean of x is

E[m]:/Z---/fom(x)dxl...dxn
= I

n times

T
o o
:/ / : fo (x1, 20, . .., 2p) dxidzs . . . dz)
—00 —00
T

Notice that E[x] € R™.

Let us consider the first entry, i.e. that related to x;:

E[ml]:/ / T1fe(xr, .. ) day, ... dry
—00 —o0

n times

:/ / o1 fo(@1, . En1) din s ... day
—00 —00

n—1 times

= /OO 21 fay (1) ds

[e o]

Thus

Elx] = /OO Tfe(x)dr = E[mQ] =mgy € R”

(e e]

Elw,]

If £ € R™ the concept of variance is expressed by means of the covariance matriz

Cov(x) = Py = El(x —my) (x —my)"]

H/_/ ~ ~\~ ~\~ -
RnXn Rnx1 Rlxn

T — m:ltl
Iy — mwg

=L . ~(:v1—mw1 T — Mg, wn—mmn>
Ty — mmn
Bl@i-me)’|  Bl@i—me) @ —me,)] ... El@—me,) (@ —ma,)]

2
El(@s —ma) (@1 —ma))]  El@—ma)?| o Bl = ma,) (@ —ma, )]
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Properties:

e P, =Pl symmetric

e P, >0 non-negative definite

e The diagonal entries of P, are the variances of @1, ..., x,.

1.1.5 Gaussian Random Variables

Let € R, the PDF is defined as

fw(l‘) _ ;6—%(m—m)TP_l(x—m)

B (2m)" det P

with m € R*, P = PT > 0, P € R™". Notation:  ~ N(m, P).

Properties:
e Elx] =m

e E[(x—m)(x—m)T] =P

In the scalar case (n = 1):

z ~N(m,o?), Blz]=m, E[(®—m)? =02 folr) = e #"F

o Let  ~ N(mgy, Py),x € R". Define the new random variable y as

= A b R™
Y T + , YE

mxn mx1

Then y ~ N (Amx + b, AP:,:AT), that is, Gaussianity is preserved by affine trans-
formations.
Proof:

o Ely = E[Ax + b = AE[x] + b= Amz +b (by the linearity of E|])

. E [(y —my) (y — my)T} —E [(Aw b — (Amg + b)) (Az + b — (Amg + b))T]
= B |(Az 4§~ Amg — ) (Az — Amy)"| = B (A (@ = ma)) (A(@ — m,)" |
=B [A(@—ma) (@ —m,) AT| = AE (@ —ma) (@ — my)" | AT = AP, A

-~

Py

o If x,y are Gaussian and F [(CL‘ —mg) (y — my)T} = 0, then  and y are inde-

pendent.
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Central Limit Theorem

Let @1, . .., x, independent random variables, E [x;] = m;, E [(CEZ — mi)Q} =02 0=
1,...,n. Define
D_m— ) m
i=1 i=1
Zp, = =
> ol
i=1
Then,
1
lim f, (2) = e N(0,1) (Standard Gaussian distribution)

Special case:

x; are independent and identically distributed (i.i.d), that is:

m =mg=...=mp,=m and o, =0y =...=0, =0.
— n
z, = ~= = = ~ N(0,1)
n-o? o?
n
Thus

2

=1

1.1.6 Functions of random variables

Scalar case:
Letzx e Rand g: R —=R. x~ fo(z), y = g(x). We want to find f,(y).

Theorem:
- Jz (l‘l)
fyly) =
Y ; 9’ (@s)]
where
° Ty, To, ..., Ty satisty g(z1) =g (22) = =g (zn) =y

« (@) = (o)

Multivariable case:
Let ¢ € R", g : R" - R", y = g(«). One has

Z f:l: xz
|det J, (
where:

° Iy,To, ..., Ty satisfy g(z1) =g (z2)=...=¢g(xn) =y, z;€R"
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991 Og91
dxr; " Ozy .
T () = 24 _ . ) Rnxn Jacobian of g
o Jylw)) =gt _ = : DU € )
¢ o= (computed in z;)
9gn 9gn
dry 7 Ozp r=2;

Linear case:

y= Az with det(A) #0, J(z)=A, m=1,z,=A"y

Jo (A71y)

fy(y) - |det(A)|

Example:

x ~U[-2,2], y = x? = g(x). We want to find f,(y).

For all y we must find zy,...x,, such that 7 = y.

{ify>0—>x1:\/§, Ty ==y — m=2

if y <0 — no solutions

. fa (71) i fa (12)

Fory >0, fy(y)= lg' (x1)| |9 (z2)]

g'(x) =2z
f = 1/4 if —2<x<2
* 0 else
1/4 1/4 1
/ + / ifo<y<4 — f0<y<4
foly) =< 12vul [ =2V =4V
0 else 0 else
fy(y)A
>
4 (0
Exercise:

Verify that / fy(y)dy = 1.
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Exercise:

Let «¢; ~ U [—%, %] independent. Compute the PDF of

1 n

for n = 2,3 and compare the resulting PDF with the Gaussian N (0, ﬁ)
Hint (n = 2):
Yy =5 (%1 +22)

2
Yy = T2
11
2 2
Y= x
0 1
——

A
Compute the PDF of y and then the marginal PDF of y,.

Exercise:

Let @,y ~ U[0, 1] independent random variables.

Consider the new two random variables:
R=+/x?>+y? 0= arctan g, g:R* - R? (polar coordinates)
T

A

Yy
1
R
0
>
0 1 <
: R
e Compute the Joint PDF of the vector w = )

T
e Repeat assuming that [
Y

NN<

1)
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1.1.7 Correlation Index

Let @,y be two scalar random variables. Let us define the correlation index as

Ogy

Pz
L Oy

Property:

._1§pwy§1

Example:

Let & ~ N(0,1), and set y = 3z. One has y ~ N(Am, + b, AP, AT) = N(0,9).

Ozy = El(x — 0)(y — 0)] = E[x - 3z] = 3F [¢°] =3

= Oxy E[(a"_m%) (y_my)] = 3 =1.

7% JE[@—m] \JElw—my] VIV

So,  and y show a perfect positive correlation.

Pzy

1.1.8 Conditional Distributions

Given two random variables @,y with Joint PDF f, ,(z,y), we are interested in «.

Remember that the Marginal PDF

fol) = / " fonlay) dy

denotes the knowledge of @ before observing y, and hence it represents the a-priori
information on .

Assume that we measured y, that is y = y. The question is: how the information
on y (i.e., the data) affects the information on x?

The a-posteriori PDF of @ after observing y = y is the Conditional PDF of x given y

N\ fay(7,9)

We can define the Conditional Mean and Conditional Variance as:

Maly = Elx|y| = / T faly(x|y) dv (Conditional mean)
2 2
Oy = Var(z|ly) = £ [(w — mw‘y) | y}
o0 ) (Conditional variance)
I/ (2 = Maly)” faly(zly) do

Notice that mg|y(y) and ai‘ ,(y) can be viewed as functions of the measurement y.

They represent how the mean and the variance change due to the observation y = y.
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Farly (#191)

fa ()

fa|y (®ly2)

Gaussian conditional distributions

T Mg P, Pa:y
Let ~N(m,P)=N , , xER"™
Yy my P:Zy Py
The a-priori PDF of x is
1 N e VO
f:z:(x) — e 2(:1,‘ mg) Pz (x—mg)
V/ (27m)m= det (Py)

The Conditional PDF of x given y = y is

f:v|y<x‘y) ~ N (mw\?ﬁ Pa’|y)

where
Maly = Mg + Pry - Py_1 (y —my)

Pyy = Py — nyPy_lPxTy

Example (estimation problem)

Let & be an unknown scalar quantity.

Suppose to measure & by means of a sensor that provides the following measure
y=x+v

where v denotes the measurement noise.

Assumptions:
e £ ~ N(mg,02) a-priori information on x
e v ~N(0,02) information on the noise

e x and v independent

Problem: Construct an estimator of & based on the observation y = y.

An estimator 7' : R — R is a function that associates to y an estimate & of @
& =T(y)

Idea: use the conditional mean.
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& = Elaly] = mg + Py Py (y — my)
my = Ely| = Elx +v| = Elz] + Ev]| =mz + 0 = m,
Poy = E(x —ma) (y —my)] = Ef(@ —ma) (x +v—mg)] =
— E[(@—ma)’] + Bl(@ — ma) v] = 02

-~

Py=E[(y—my)’] =E[(x+v—ma)’| =
E (& — mg)* + (v —0)* +2(x — mg) (v —0)] =02 + 02

So,
0_2
= e+ T2 (g = ma) = e+ =T (y — ma)
p— —_— p— _m

2
T

Define the signal-to-noise ratio as .S = Iz Se (0,400).

o2’
Thus,
. S S S
S s 1 S
- _S+1) G L L |
1
= amg + (1 — a)y, a—S—H,OzE(O,l)

Then, z is a convex combination of m, and y.

when S <« 1 when S > 1
T T

| / \ |

| |

e y

The variance of @ after the observation is (since Gaussian):

1
2 _ “1pT _ 2 2 2 _
Ogly = Po — Pay Py Ppy = 04 — 023 e oy =
2 2
2 % 2 T 2 |1 2
— 1— — . = < , VSG O,
() gt ek (o)

So, the knowledge of y = y reduces the variance on .
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